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This article, through computational analyses, examines the validity of using the stress-based and extended stress-based
forming limit curves to predict the onset of necking during proportional loading of sheet metal. To this end, a model mate-
rial consisting of a homogeneous zone and a zone that has voids (material inhomogeneity) is proposed and used to simulate
necking under plane strain and uni-axial stress load paths. Results of the in-plane loading computations are used to con-
struct a strain-based formability limit curve for the model material. This limit curve is transformed into principal stress
space using the procedure due to Stoughton [Stoughton, T.B., 2000. A general forming limit criterion for sheet metal
forming. International Journal of Mechanical Sciences 42, 1–27]. The stress-based limit curve is then transformed into
equivalent stress and mean stress space to obtain an Extended Stress-Based Limit Curve (XSFLC). When subjected to
three-dimensional loading, the model material is observed to display a variety of responses. From these responses, a
criterion for the applicability of the XSFLC to predict the onset of necking in the model material when it is subjected
to three-dimensional loading is obtained. In the context of straight tube hydroforming, to provide support for the use
of the XSFLC, it is demonstrated that the criterion is satisﬁed.
 2007 Elsevier Ltd. All rights reserved.
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It is well known that the strain-based forming limit curve (FLC), introduced by Keeler and Backofen
(1963) and Goodwin (1968), does not predict the formability limit (the onset of necking) when the sheet metal
is subjected to non-linear strain paths. For example, Ghosh and Laukonis (1976) observed that the FLC of
pre-strained steel sheet shifted and changed shape when compared with the FLC of the as-received sheet.
Similar results have been reported by Graf and Hosford (1993) for an alumimun alloy sheet. To develop a
forming limit criterion for non-linear strain paths, Stoughton (2000) introduced a stress-based approach in
which the FLC was transformed into principal stress space with appropriate constitutive assumptions. He
showed that the FLC of the as-received sheet and the pre-strained sheet mapped into nearly coincidental0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.07.001
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curve in principal stress space that represents the formability limit of the sheet. The stress-based approach,
therefore, appears to be particularly attractive to predict the formability of sheet metal in forming processes
that subject the sheet to non-linear strain paths.
However, both the FLC and the rFLC are measured and derived, respectively, for plane stress loading
conditions. In some metal forming processes, such as hydroforming and stretch ﬂange forming, the onset
of necking occurs under loading conditions that are not plane stress. Simha et al. (2007) show, using ﬁnite
element computations, that the onset of necking during hydroforming occurs under three-dimensional load-
ing. The sheet metal in this forming operation starts to neck at locations wherein, in addition to the in-plane
loads, there is a through-thickness component of compressive stress. Gotoh et al. (1995) and Smith et al.
(2003) have proposed analytical modiﬁcations to the FLC to account for the presence of through-thickness
components during forming. The validity of using such limit curves in forming processes has not been studied.
Therefore, when the neck forms under three-dimensional loading, a formability criterion that can predict
the limit of formability under non-linear strain paths, as well as three-dimensional load paths, is required. To
this end, we have proposed a novel stress-based formability limit approach that utilizes the FLC and derives
an extended stress-based formability curve (XSFLC), Simha et al. (2007).
Fig. 1 presents schematics of the FLC, the rFLC and the XSFLC for the as-received sheet. Load paths
that corresponds to uni-axial stress, plane strain and bi-axial loading are also shown. (The term load path
is used interchangeably to denote load paths in principal strain, principal stress, and XSFLC space. The par-
ticular space being referenced will be clear depending on the context in which the term is used). These load
paths are linear in strain space and are non-linear in principal stress and invariant space, but they are shown
as straight lines in the ﬁgure for the purpose of illustration. In order to transform the FLC into the rFLC, for
simplicity, J2 ﬂow theory and isotropic hardening was assumed in our earlier report Simha et al. (2007). In
principle, more sophisticated constitutive descriptions can be used to obtain the rFLC (Stoughton, 2000;
Stoughton and Yoon, 2005). The XSFLC is obtained by transforming the principal stresses of the rFLC
through the expressionsFReq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r21 þ r22  r1r2
q
and Rhyd ¼ r1 þ r2
3
; ð1Þwhere Req is the equivalent stress, and Rhyd the mean stress, which is assumed to be positive in tension. In sheet
metal forming operations, as long as the plane stress approximation is valid, with a knowledge of the load path
in principal stress space, the rFLC can be used to predict the onset of necking. Though the XSFLC can be
used for predicting the onset of necking under in-plane loading, it is intended for processes wherein the neck
forms under three-dimensional loading conditions and for which the neck forms under mean stress states
spanned by the XSFLC (Simha et al., 2007). This extension possible because the variables, mean stress and
equivalent stress can be used to describe three-dimensional load paths. There is, however, an important con-
sideration before the XSFLC can be used.ig. 1. Schematics of the FLC, rFLC and the XSFLC. The paths are drawn as straight lines for the purpose of illustration.
C. Hari Manoj Simha et al. / International Journal of Solids and Structures 44 (2007) 8663–8684 8665Since the FLC is measured using in-plane loading conditions, it follows that the rFLC describes the
principal stresses at the onset of a neck in sheet metal subjected to in-plane loading. Likewise, the XSFLC
represents the equivalent stress and mean stress at the onset of necking during in-plane loading. However,
Simha et al. (2007), in order to apply the XSFLC to the problem of straight tube hydroforming, made the
following assumption. They assumed that the mean stress and equivalent stress that develops at the onset of
necking under in-plane loading is equivalent to the mean stress and equivalent stress that develops in the
neck under three-dimensional loading. This assumption, designated as Assumption 2 in our article Simha
et al. (2007), is central to the application of the XSFLC to predict formability under three-dimensional
loading conditions. The qualitative and quantitative predictions obtained by Simha et al. (2007) were found
to be in good agreement with experimental observations, which suggests that the assumption has some
validity.
However, this raises questions with regard to XSFLC. Can a limit curve derived from measurements made
under plane stress loading be used to predict the onset of necking under three-dimensional loading? If so, under
what conditions?
These questions are addressed in this work. The phenomenology of the onset of necking under three-dimen-
sional loading is exploited to make some simplifying assumptions. A model material that is based on the Gur-
son–Tvergaard–Needleman (GTN) (Gurson, 1977; Tvergaard and Neeldeman, 1984) model is proposed and
used to simulate necking through ﬁnite element computations. A strain-based FLC is constructed for this
model material, and this FLC is transformed into a limit curve in principal stress space. This limit curve
is then cast in terms of the invariants: mean stress and equivalent stress. The model material is also used to
simulate a neck under three-dimensional loading. The results of these computations are used to evaluate
whether the invariants, at the onset of necking, obtained from in-plane loading can be used to predict the onset
of necking under three-dimensional loading. From the results, a criterion for the applicability of the XSFLC
obtained from FLCs to predict the onset of necking under three-dimensional loading is obtained. Further-
more, using the case of straight tube hydroforming as an example, it is shown that the criterion for the appli-
cability of the XSFLC is satisﬁed.
2. Formation of necks under three-dimensional loading
In this section, the phenomenology of necking under three-dimensional loading conditions is discussed. For
example, consider the hydroforming of a straight tube into a square cross-section without the application of
end feed, the so-called corner ﬁll test. The material under consideration is EN-AW 5018 aluminum alloy. Ref-
erence is made to the article by Gholipour et al. (2004) for further experimental details and Simha et al. (2007)
for computational details.
Fig. 2(a) presents a photograph of the failed EN-AW 5018 aluminum alloy tube that was hydroformed
within a die of square cross-section. The white arrow in the ﬁgure indicates the location at which the neck
originated and subsequently lead to the bursting of the tube. From the photograph, it can be seen that the
failure occurred in a region of the tube that was in contact with the die. It bears emphasis that the observed
failure location is always that portion of the tube that became tangential to the die surface, and this observa-
tion is independent of the tube alloy or the tube geometry. Photographs of failed pre-bent aluminum and
DP600 steel alloy tubes can be found in our article, Simha et al. (2007).
A schematic of the die-tube cross-section and the detail of the neck formation is also shown in Fig. 2(a).
During the process of hydroforming, as the tube expands into the die, regions of the tube cross-section become
tangential to the die surface. The region designated as the free expansion region in Fig. 2(a) is approximately
under plane stress loading. The adjacent region, however, is not under plane stress loading since it is contact
with the die, and this region is designated as the three-dimensional stress region in the ﬁgure. In this region, the
material is subjected to in-plane, through-thickness compressive, and frictional loading. As a consequence,
material has to ﬂow from the three-dimensional stress region into the free expansion region. However, if
the through-thickness compressive load (and as a consequence the frictional load) is high enough, ﬂow of
material from the three-dimensional stress region into the free-expansion region is restricted and this serves
as a trigger for the initiation of the neck. Therefore, a proper accounting of the through-thickness component
of stress and tube-die friction are critical to predicting the onset of necking.
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Fig. 2. (a) Photograph of a hydroformed EN-AW 5018 aluminum alloy tube. The white arrow indicates the location where the neck
initiated leading to subsequent bursting of the tube. A schematic showing the die and tube cross-section and detail of the neck formation.
(b) Plot of the computed strain path from the neck location plotted with the FLC of the aluminum alloy. Open circles indicate onset of
necking. (c) Plot of the computed equivalent stress and mean stress path from the neck location plotted with the XSFLC for the alloy.
Figures (a) and (c) are excerpted from Simha et al. (2007).
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uum elements to model the tube in the LS-DYNA (Hallquist, 1998) ﬁnite element computations. Tube-die
friction was modelled through the penalty-based contact algorithms in LS-DYNA with the values of coeﬃ-
cient of friction obtained through twist compression tests. Computational results, obtained using the implicit
solver in LS-DYNA, for the EN-AW 5018 aluminum alloy tube are excerpted from our article in Fig. 2. Com-
puted load paths in strain space (Fig. 2b) and XSFLC space (Fig. 2c) are plotted with respect to their limit
curves. These load paths are obtained from the location where failure was observed in the experiment (white
arrow in the ﬁgure). Open circles in the load paths denote the experimentally observed onset of necking. Two
observations deserve emphasis.
First. The FLC cannot be used to predict the onset of necking, since necking is predicted after the load
path has intersected the FLC; whereas, the intersection of the load path with the XSFLC (in equivalent stress
and mean stress space) coincides with the point at which necking was observed in the experiment. Note that
the ﬁgure does not show the load paths in principal stress space and the rFLC, since, the state of stress at the
failure location was not one of plane stress. Further comparisons of predictions obtained using the XSFLC
with experimentally measured necking pressures and failure locations, for other alloys and tube geometries,
can be found in our recent article, Simha et al. (2007).
Second. In the case of free expansion of tubes, the loading is plane strain at the failure location (see Chen
et al., 2004; Green and Stoughton, 2004). During hydroforming, the presence of a die imposes a through-
thickness component of stress and causes the strain path to have a slope that is diﬀerent than the plane strain
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the load path in XSFLC space diﬀers from than the plane strain path, when the die is present, is apparent even
without the aid of a computational result. In tubular free expansion, the in-plane loading leads to a tensile
(positive) mean stress. When there is a die present, the addition of through-thickness component of (negative)
compressive stress serves to reduce the mean stress. Consequently, the load path in XSFLC space will shift and
have a diﬀerent slope than that of the plane strain path; this can be seen in Fig. 2(c). Note that under three-
dimensional loading, if the path in strain space is to the left of the plane strain path, the corresponding path in
XSFLC space will also be to the left of the plane strain path.
The foregoing highlights the importance of the through-thickness component of compressive stress, and
reiterates the need for the XSFLC. This leads to the central assumption, discussed in the Introduction, made
in the XSFLC approach. The next section proposes a model material that can be used to study the onset of
necking in sheet metal under three-dimensional loading.
3. Model material and computational details
A schematic of the model material is shown in Fig. 3. It consists of a homogeneous zone and an inhomo-
geneous zone that contains spherical voids and is used to initiate a neck. The homogeneous zone (HZ) mod-
eled by J2 ﬂow theory and isotropic hardening and the inhomogeneous zone is modeled using the GTN
dilatant plasticity model Gurson (1977), Tvergaard and Neeldeman (1984). Needleman and Triantafylidis
(1978) have used a similar model material to study the eﬀect of void growth on formability of sheet metal
under in-plane loading.Fig. 3. (a) Schematic of model material. A material inhomogeneity is modelled through the Gurson–Tvergaard–Needleman model.
Symmetry and displacement boundary conditions are shown. When u3 = 0, the model material is loaded along the plane strain path. (b)
Boundary conditions for displacement (or stress) are applied as ramp functions.
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a Ludwik-type hardening law ry ¼ r0 þ Kn, where ry is the ﬂow stress, r0 the yield strength, K, the hardening
coeﬃcient,  the eﬀective plastic strain, and n the hardening exponent. In the present study, r0 and K were
assumed to be 100 and 400 MPa, respectively. Young’s modulus and Poisson’s ratio were taken to be
70 GPa and 0.3, respectively.
The inhomogeneous zone designated as GTNZ is shown in Fig. 3. By varying the initial porosity, f0, in the
GTNZ, the formability of the model material can be varied. In practice, the in-plane extent of necks in sheet
metal are of the order of the thickness of the sheet. This is reﬂected in the assumed size of the GTNZ, which is
t = l0/5. In this work, void nucleation, coalescence and failure are ignored. The yield function, U, and void
growth, df, are given byU ¼ Req
ry
 2
þ 2fq1 cosh q2
3
2
Rkk
ry
 
 q3f 2  1 ¼ 0 and df ¼ ð1 f Þdkk; ð2Þwhere f is the void volume fraction, ry the ﬂow stress of the matrix. Req is the equivalent stress, deﬁned by
R2eq ¼ ð3=2ÞR0ijR0ij, with R0ij being the deviatoric stress. Parameters q1, q2 and q3 are calibration parameters.
Based on the unit-cell computations carried out by Worswick and Pick (1990) the values of these parameters
were assumed as q1 = 1.25, q2 = 0.98 and q3 ¼ q21. The term Rkk is the trace of the stress tensor, where the Ein-
stein summation convention is used. When f = 0 in U, the constitutive response of the homogeneous zone
(HZ) is recovered. The void growth rate is governed by the trace of the incremental strain tensor, dkk. This
strain is determined from the macroscopic strain tensor that is applied to a representative volume element
from the GTNZ.
Details of the ﬁnite element mesh and stress strain curves for the homogeneous zone for two values of
the hardening exponent, n = 0.2 (low hardening) and n = 0.4 (high hardening) are shown in Fig. 3. The
ABAQUS/Static Implicit ﬁnite element software was used to subject the model material to in-plane and
three-dimensional loading. Aravas (1987) presents a detailed description of the implementation of the
GTN material model in ABAQUS. Eight-noded solid elements with eight integration points were used
to mesh the proposed model material. Symmetry boundary conditions were applied as shown in
Fig. 3(a). The HZ consisted of 13125 elements, and the GTN zone was modelled with a denser mesh con-
taining 7875 elements.
An alternative approach to simulate a neck is to assume a geometric inhomogeneity (a thickness imperfec-
tion) and the same constitutive response for the entire computational domain. This approach was adopted, for
example, by Narasimhan and Wagoner (1991) who modeled necking and computed plane strain intercepts of
the FLC through ﬁnite element computations by assuming a ﬁnite zone of a lower thickness than the rest of
the sheet. Note that this approach is somewhat similar to the analytical technique proposed by Marciniak and
Kuczynski (1967).
In this work, the preceding approach of using a thickness defect to initiate a neck was not adopted for
the following reason. It has been empirically observed that the formability of sheet metal increases when
through-thickness compressive stresses are acting on it; see, for example, Smith et al. (2003) and the ref-
erences therein. The enhanced formability is manifested through a delay in the onset of necking under the
action of the through-thickness compressive stress. When a compressive stress component acts on the geo-
metric defect, it will aid ﬂow of material from the defect into the geometrically homogeneous zone and
not delay the onset of necking. That is, the formability will not be enhanced. In a later section, it will
be shown that the formability of of the model material is apparently higher, under the action of a
through-thickness component of compressive stress, when the formability assessment is made using the
FLC.
At this stage, we advance the model material without reference to any conventional engineering alloy.
However, since the goal is to validate the applicability of stress-based forming limits for three-dimensional
loading of sheet metal, the expectation is that insights gained from the response of the model material can
be extended to sheet metal alloys. Before a formability assessment of the model material under three-
dimensional loading can be made, a procedure to assess the formability under in-plane loading is required.
The next section presents the procedure used to construct the formability limit curves under in-plane
loading.
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The ratio of in-plane displacements is deﬁned as q = u3/u1. Displacement boundary conditions were applied
as a ramp for the duration of the computation. For given values of initial porosity, f0, and hardening expo-
nent, n, the choice of q determines the nature of the in-plane load path and q was chose to range between
0.5 6 q 6 1. In what follows, f0 and n were taken to be 1% and 0.2 for the GTNZ, respectively, and n
was 0.2 for the HZ.
Fig. 4 presents the logarithmic strain obtained in the homogeneous zone and the GTN zone for the plane
strain computation (q = 0). The abscissa is normalized displacement u1/l0. It can be seen that the strain his-
tories from the two zones are relatively similar till the there is a divergence in the strains at approximately
u1/l0 = 0.4. At this stage, the strain in the GTNZ rises rapidly while the strain in the HZ tends toward a con-
stant value. That is, the slope of the logarithmic strain history in the HZ tends to zero, and the deformation is
localized in the GTNZ. The strain in the HZ corresponding to the ﬂat-topped (slope zero) portion of the his-
tory is taken as the strain at the onset of necking. In other words, this strain is the plane strain intercept of the
FLC for the assumed model material parameters. In order to assess whether this was a converged solution, a
two-dimensional plane strain computation was carried out. A higher mesh density was used in the two-dimen-
sional model (x1–x2 plane only). The computed strain, in the HZ, at the onset of necking was identical to the
value obtained in the three-dimensional computation.
Fig. 5 shows the strain histories for q = 0.5 (uni-axial tension) and some samples for q > 0. From these
results, the constant strains (33,11) from the strain histories were interpreted as the strains at the onset of
necking. Note that this is consistent with the interpretation used to obtain the plane strain intercept. These
limit strains were then plotted on the FLC, Fig. 5(c).
Note that the left hand side (LHS) of the FLC was obtained by connecting the limit point along the uni-
axial stress path and the plane strain intercept. Two computations wherein q < 0 were carried out and the limit
points obtained from the results are shown as ﬁlled circles in Fig. 5(c). Observe that the straight line construc-
tion used to obtain the LHS of the FLC predicts limit points that are lower than those depicted by the ﬁlled
circles. In practice, to obtain the LHS of the FLC the orientation of the defect with respect to the primary
loading direction has to be changed (Hutchinson and Neale, 1978). For a given value of q (<0), a series of
computations each with a certain defect orientation is carried out and the lowest limit strain is from these
is chosen. In this context, see also the results of formability assessment using crystal plasticity in the article
by Inal et al. (2005/6. F). In the current work however, it can be seen that the straight line construction used
to obtain the LHS of the FLC provides the lowest limit strains. Indeed, as will be seen later, the adoption of
this construction in no way aﬀects the key conclusions of the current work.
The foregoing outlines the procedure used to construct the FLC of the model material for f0 = 1% and
n = 0.2. Using the procedure outlined by Stoughton (2000), assuming J2 ﬂow theory and isotropic hardening,0 0.2 0.4 0.6
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Fig. 4. Computational results for n = 0.2 and f0 = 1% under plane strain loading. The logarithmic strain histories from the homogeneous
zone were taken from the elements at x1 = 5t and 0 6 x3 6 5t. Time is plotted in arbitrary units, a.u.
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Fig. 5. Computational results for in-plane loading with n = 0.2 and f0 = 1%. The logarithmic strain histories from the homogeneous zone
were taken from the elements at x1 = 5t and 0 6 x3 6 5t. (c) The constructed FLC.
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cipal stresses of the rFLC in the Eqs. (1).
In order to study the eﬀects of varying the model material parameters, FLCs, rFLCs and XSFLCs for
other values of initial void volume fraction and hardening exponent were also constructed by carrying out
in-plane loading computations. These curves are shown in Fig. 7. The techniques adopted for constructing
these curves were identical to those outlined in the preceding paragraphs. Consider, ﬁrst, the curves for which
n = 0.2. When the initial porosity is increased, the forming limit curves, in strain, stress and XSFLC space,
shift downwards, indicating a lower formability.
On the other hand, for f0 = 1%, when the hardening exponent is increased from 0.2 to 0.4, the forming limit
curve shifts upwards in strain space. However, in stress space, the forming limit curve for f0 = 1% and n = 0.4
is below the curves for n = 0.2. The reason for this is apparent from the stress–strain curves shown in Fig. 3(c).
When n = 0.4, the stress corresponding to any given strain is below the stress corresponding to n = 0.2. Con-
sequently, when the FLC for f0 = 1% and n = 0.4 is transformed into stress and XSFLC space, the limit
curves will be lower than those for n = 0.2.3.2. Stress-based formability assessment for in-plane loading
In this sub-section, for the sake of completeness, the validity of using stress-based limit curves to predict
necking during in-plane loading is evaluated. Fig. 8 shows computed load paths in strain, stress and XSFLC
spaces for two sets of model material parameters. The asterisk symbol in the load paths represents the onset of
necking. The asterisks depicted in the load paths in stress and XSFLC space correspond to the states indicated
by the asterisks in the strain paths. It can be seen that when the load paths intersect the limit curves in stress
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Fig. 6. (a) rFLC and (b) XSFLC for for n = 0.2 and f0 = 1%.
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the stress-based limit curves can be used to predict the onset of necking. Further examples of the validity of
using the rFLC under in-plane loading (proportional and non-proportional) can be found in the article by Wu
et al. (2005), wherein crystal plasticity-based constitutive models and the Marciniak–Kucnyski approach were
used. The eﬀect of the yield function used to transfer the FLC into the rFLC has been studied in the article by
Sakash et al. (2006), where predictions of necking obtained using rFLCs were found to be in good agreement
with the experimental results.4. Formability assessment under three-dimensional loading
In this section, the computational results of the three-dimensional loading of the ﬁnite element model of the
model material will be presented. It is pertinent to observe that the onset of necking is governed by a complex
interplay of the applied boundary conditions. Tensile deformation in the x1-direction aids necking; whereas,
compressive or tensile deformation in the x3-direction will either lessen or increase thinning, respectively. Fur-
thermore, the superposition of the negative r22 component of compressive stress will serve to (i) promote thin-
ning of the material, and (ii) suppress the rate of void growth, which in turn slows the rate of constitutive
softening in the GTNZ.
The three-dimensional loading of the model material, governed by the parameters q and r22, raises a ques-
tion as to what choice of q and r22 give rise to load paths that are achievable in sheet metal or tube forming
processes. This question is relevant in the context of relating insights gained from the response of the model
material to three-dimensional loading to metal forming operations.
Consider ﬁrst, the process of the deep-drawing of circular cups for which the plane stress approximation is
valid. Here, in addition to the clamping loads and the boundary conditions imposed by the die, which are
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Fig. 7. (a) FLCs (b) rFLCs and (c) XSFLCs obtained by varying the model material parameters n and f0.
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parameter, the displacement (or load) of the punch governing the in-plane deformation of the sheet. Consider
next, the hydroforming of straight tubes with end-feeding applied. Here, in addition to the boundary condi-
tions imposed by the die, the deformation is governed by the internal ﬂuid pressure and the in-plane compres-
sive load (or displacement) loading conditions. That is, the deformation in sheet metal forming is governed by
one or at most two parameters; whereas the deformation in tube hydroforming is more complex.
Loading of the model material presents a more complicated situation. During in-plane loading, the model
material was subjected to two independent displacement boundary condition. However, by choosing the
parameter q as the ratio of the in-plane displacements, all achievable sheet metal load paths can be described.
By way of contrast, though the loading of the model material in the current work is governed by the two
parameters, q and r22, in fact, three boundary conditions u1, u3 and r22 are being varied. Therefore, for a given
q and r22, it is possible that the model material will be subjected to a load path that is not attained during the
three-dimensional loading of sheet metal; it is anticipated that the response of the model material to three-
dimensional loading may result in load paths that are irrelevant from a metal forming standpoint. It follows
then that XSFLC may not be a limit curve to predict the onset of necking for such load paths. In Section 6,
which follows, this question will be addressed.
In addition to the in-plane displacement boundary conditions parametrized by q, a through-thickness com-
ponent of compressive stress, r22, was applied as a ramp boundary condition (Fig. 3b). For example, the
boundary condition designated as r22 = 100 MPa implies that the value of the applied r22 will reach a value
of 100 MPa when the deformation reaches u1/l0 = 1. Unless otherwise speciﬁed, principal strains, principal
stresses and eﬀective and mean stresses are taken from the elements at the boundary of the homogeneous zone
where the displacement boundary conditions are applied. That is, from the elements in the homogeneous zone
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Hardening exponent, n = 0.2 and f0 = 1%. (b) Only the initial void volume fraction is changed from 1% to 4%.
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elements.
Experience with hydroforming computations has shown that r22 6 r0 is a reasonable assumption. So, the
peak values of r22 were taken to be 100 and 200 MPa; values of q were chosen such that 0.5 < q 6 1.
Fig. 9 presents load paths (Rhyd,Req) from the computations in which the model material was deﬁned by
n = 0.2, f0 = 1%; the XSFLCs corresponding to the assumed model material parameters are also shown. Five
diﬀerent types of response were identiﬁed and designated as A, B, C, D, E and F; these are discussed in the
next sub-section.
4.1. Discussion of response of model material
Reference is made to Fig. 9 in the following discussion; for clarity, the loading parameters are represented
as an ordered pair [q,r22/r0].
Type A. This response is seen for the loading parameters [0.05,1], [0.1,1] and when [0.1,2]. The
load path approaches the XSFLC and after tangential contact with it, the slope of the load path
becomes zero. The equivalent stress becomes a constant and the mean stress continues to decrease.
When the equivalent stress in the HZ becomes constant, plastic deformation in the HZ has ceased;
alternatively, the deformation has localized in the GTNZ. The mean stress continues to decrease,
since the r22, which is a negative stress component, boundary condition is acting even after the com-
mencement of necking. Type A response is the one where the XSFLC, computed from in-plane load-
ing, is a limit curve that can be used to predict the onset of necking under three-dimensional loading.
Type B. When the loading parameters are [0.2,1] and [0.2,2], Type B response is observed. Note that
Type B response is observed for values of q less than those for which Type A response is obtained.
This response is identical to Type A response except in one aspect. The slope of the load path
—200 0 200 400
0
250
500
Eq
ui
va
le
nt
 S
tre
ss
 [M
Pa
]
(a) σ22/σ° = —1
ρ < 0
—0.05
—0.1
—0.2
—0.3
0 200 400
0
250
500
Eq
ui
va
le
nt
 S
tre
ss
 [M
Pa
]
Mean Stress [MPa]
ρ > 0
—200 0 200 400
0
250
500
(b) σ22/σ° = —2
ρ < 0
0 200 400
0
250
500
Mean Stress [MPa]
ρ > 0
1
0.25
A
A
B
C C
B
A
D
E
E
E
E
Fig. 9. Three-dimensional load paths for model material, n = 0.2 and f0 = 1%. (a) Load paths in mean stress and equivalent stress space
for r22/r0 = 1. Top: paths for q 6 0. Bottom: q > 0. (b) Load paths in mean stress and equivalent stress space for r22/r0 = 2. Top:
paths for q 6 0. Bottom: q > 0. All paths taken from the elements at x1 = 5t and 0 6 x3 6 5t, in the homogeneous zone. Legend for the
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path intersects the XSFLC. When q is decreased, material ﬂow in the x3 direction increases and this
compensates for the deformation in the major principal direction, +x1; thus, delaying the onset of
necking. With further decrease in q, no necking is observed and Type C response is observed.
Type C. For the case of the loading parameters [0.3,1] and [0.3,2], Type C response is observed. The
slope of the load path does not become zero. That is, no localization is observed. The ﬂow of mate-
rial in the x3 direction, which promotes thickening, is suﬃcient to compensate for the thinning due
to deformation in the +x1 direction.
Type D. When the loading parameters are [0.05,2], Type D response is observed. Here the load path inter-
sects the XSFLC, and has a slope that is almost inﬁnite. This represents the case of a double neck.
Here, the ﬂow of the material in the x3 direction is such that the thickening is insuﬃcient, while the
deformation in the +x1 and the action of a compressive r22 promotes thinning. This leads to necking
in both the GTNZ, and the HZ at the location for which the load path is shown. This case will be
clariﬁed subsequently.
Type E. When the loading parameters are [1,1], [0.25,1], [1,2] and [0.25,2] note that all boundary
conditions promote thinning. That is, all deformation is such that necking is promoted. In Type E
response, necking is promoted by all the applied loading conditions and the load paths acquire a
slope of zero well after the load path has intersected the XSFLC.
Type F. An additional type of response is one in which the slope of the load path acquires a slope of zero
at levels of equivalent stress below those in the XSFLC, but the path does not make contact or
intersect the XSFLC. This response is not seen for the loading parameters considered in Fig. 9,
but will be observed for other model material parameters or loading conditions as shown in Sec-
tions 5 and 6.
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the XSFLC serves as a limit curve for predicting the onset of necking under three-dimensional loading. In
every other type of response addressed above, the XSFLC cannot be used as a limit curve. Second: The
XSFLC which can be used to predict the onset of necking for Type A response was computed from in-plane
loading computations. Third: when q > 0, there is no set of load parameters for which the XSFLC is a limit
curve. Table 1 summarizes and clariﬁes the six types of responses observed in the model material.
To further clarify the utility of the XSFLC for predicting necking under three-dimensional load paths, the
case of Type A response for the loading parameters [0.05,1] is discussed in detail (see Fig. 10). Fig. 10(a)
presents a plot of the strain path, (33,11), from the HZ plotted with respect to the FLC. In addition, load
paths in principal stress space (Fig. 10b) and XSFLC space (Fig. 10c) are also shown. The states from the
onset to the completion of necking are denoted by the numerals 1 through 5. These are shown as open squares
in the graphs. Contour plots of eﬀective plastic strain that correspond to the states are shown in Fig. 10(d).Table 1
Classiﬁcation of model material response
Response Type Sign of q Notes
A  Necking upon load path becoming tangential to the XSFLC
B  Necking after load path intersects the XSFLC
C  No neck indicated
D  Double neck
E + Necking after load path intersects the XSFLC
F  Necking and no contact of load path with the XSFLC
r22/r0 is negative for all types of response.
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Fig. 10. Load paths and details of deformation for Type A response, n = 0.2, f0 = 1%, q = 0.05, and r22/r0 = 1. Open symbols denote
states 1 through 5 and these correspond the eﬀective plastic strain contours on the right.
8676 C. Hari Manoj Simha et al. / International Journal of Solids and Structures 44 (2007) 8663–8684State 1 is when the load path, (Rhyd,Req), becomes tangential to the XSFLC. The strain, 11, is about 15%
and the eﬀective plastic strain in the GTNZ is greater than 18%. This state corresponds to the onset of necking.
Passing through state 2, once state 3 is reached, the strain 11 and equivalent stress become constant. This is
the completion of necking. However, the principal stress and mean stress contiune to decrease. Keeping in
mind that the through-thickness compressive component is operating, it is easy to see that in order to maintain
the equivalent stress a constant the major prinicipal stress has to decrease. In addition, the operation of the
negative r22 serves to reduce the mean stress while also promoting the elastic thinning of the entire mesh.
At state 3, the eﬀective strain in the GTNZ is over 27% and with signiﬁcant increases at states 4 and 5;
whereas, there is negligible change in the eﬀective strain in the HZ between states 3 and 5. The most important
observation is that for the Type A response, the XSFLC, which is obtained from in-plane computations, serves as
a limit curve for predicting necking under three-dimensional loading.
If the formability assessment of the model material is carried out using the FLC, it can be seen from
Fig. 10 that an apparently higher formability will be predicted; this is also in accord with the observation high-
lighted in the results presented in Fig. 2.
For the loading parameters [0.05,2], Type D response was obtained and it was pointed out that a double
neck was observed. It was argued that this was a consequence of the insuﬃcient ﬂow of material in the x3
direction to prevent necking at the edge of the HZ. Fig. 11 shows eﬀective plastic strain contours at the onset
of necking for this case. It can be seen that there are two localization zones, in the HZ and GTNZ. Type D
response is also seen when the loading parameters are [0.05,400] (not shown here).
In closing this section, two ancillary issues that have bearing on the response of the model material to three-
dimensional loading are addressed.4.2. Principal stress history evolution under three-dimensional loading
Fig. 12 shows the principal stresses developed in the model material under three-dimensional loading. Here,
the principal stress histories are shown for Type A response. The arrows indicate the onset of necking. For the
loading parameters [0.05,1] the through-thickness component is r22 = 26 MPa at the onset of necking.Fig. 11. Eﬀective plastic strain contour plots for Type D response. The contour plots are for n = 0.2, f0 = 1%, and [0.012]. A neck is
initiated in both the GNTZ and the edge of the HZ.
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thickness components attained during three-dimensional loading are a substantial fraction of the yield
strength r0 (100 MPa).4.3. Void growth in the GTNZ during three-dimensional loading
The GTNZ was incorporated in the model material with the expectation that under three-dimensional load-
ing (with a negative r22) the onset of necking in the model material would be delayed when compared with the
onset of necking under in-plane loading. That the response of the model material is entirely in accord with this
expectation is demonstrated in this sub-section. Consider Fig. 13; here, the evolution of void volume fraction
in the GTNZ is plotted with respect to the eﬀective plastic strain in the GTNZ; these plots are shown for r22/
r0 = 1 and 2. The onset of necking during three-dimensional loading is indicated by the open symbols and
for comparison the onset of necking under in-plane loading is depicted by ﬁlled symbols (ﬁlled square for uni-
axial loading and ﬁlled circle for plane strain loading). The graphs in the left column are for q 6 0 and those in
the right column are for qP 0. Note that Type C and D responses are not shown, since in the former no local-
ization was observed and a double neck was seen in the latter. First consider the cases when q 6 0. These
include the Type A and Type B response. It is clear that for both Type A and Type B responses the onset
of necking occurs at void volume fractions that are greater than the void volume fractions at necking attained
under plane-strain or uni-axial loading. For type A response, for which the XSFLC is a limit curve, Fig. 13(a)
and the inset show that the presence of the negative r22 depresses the rate of void growth, when compared with
the rate of void growth under plane-strain loading (ﬁlled circle); here, the rate parameter is the eﬀective plastic0 0.25 0.5 0.75 1
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GTNZ.
When qP 0, for Type E response, a rather diﬀerent behavior is seen in Fig. 13. The highest void volume
fraction at the onset of necking is for in-plane bi-axial loading (ﬁlled triangle). When the negative r22 is acting,
necking occurs at void volume fractions that are lower than that for the bi-axial loading case. The action of the
r22 stress depresses the rate of void growth. Though the void volume fraction at the onset of necking is lower
than that for the in-plane loading, the onset of necking is indeed delayed under three-dimensional loading.
This can be seen in the Fig. 9 for q > 0, where the onset of necking is predicted well after the load path inter-
sects the XSFLC. The load paths in strain space when plotted with the FLC (not shown here) also show neck-
ing well after intersection with the strain-based limit curve.
5. Eﬀect of change model material parameters
In this section, the response of the model material to three-dimensional loading when the model material
parameters, f0, n, and defect size are varied is examined.
5.1. Change of f0
In Fig. 7, XSFLCs for f0 = 2% and 4% were presented. A set of computations that subjected the model
material to three-dimensional loading with these values of f0 were carried out. The results of these are shown
in Fig. 14. Note that when n = 0.2 and f0 = 4%, only the q < 0 cases are shown. In a manner similar to the
earlier results, the ﬁve diﬀerent types of responses are identiﬁed and it can be seen that Type A is the only
response for which the XSFLC is seen to be a limit curve.—50 0 100 200 300
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Fig. 14. Eﬀect of varying void volume fraction in the GTNZ on the response of the model material. (a) n = 0.2, f0 = 2%. (b) Initial void
volume fraction changed to 4%.
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In Fig. 7. XSFLCs for n = 0.4 and f0 = 1% were presented. Note that for this value of n, the HZ displays
more work hardening when compared with the cases when n was taken to be 0.2. A set of computations that
subjected the model material to three-dimensional loading with this value of n was carried out. The results of
these are shown in Fig. 15. Again, only the q < 0 cases are shown. When r22/r0 = 1, Type A, B, and C
responses are observed. It can be seen that Type A is the only response when the XSFLC is a limit curve.
When, r22/r0 = 2 a sixth type of response, F, is observed. This is in addition to the Type C response. In
the Type F response, the slope of the load path becomes zero and there is no contact or intersection with the
XSFLC. Note that Type F response is not seen when r22/r01. The combined eﬀect of the the higher mag-
nitude of r22/r0 and the higher work hardening accelerates the onset of necking.5.3. Change of GTNZ size
It is reasonable to expect that the formability of the model material due to in-plane loads will be aﬀected by
the assumed size of the GTNZ. To check this, a new ﬁnite element model of the model material in which the
extent of the GTNZ was from 0 6 x1 6 0.1t was created. The model material parameters n and f0 were taken
to be 1% and 0.2, respectively.
This also entailed the construction of a new FLC through in-plane computations. If the initial porosity is
held ﬁxed and the size of the GTNZ is decreased, it can be seen that the formability of the model material will
increase; since, the size of the defect is reduced. The limit curve for the smaller GTNZ lies above the one for
f0 = 1% in Fig. 7 and the XSFLC computed from the FLC for the reduced GTNZ is shown in Fig. 16.
The new model material was then subjected to three-dimensional loading as before. Fig. 16 shows the load
paths from these computations. Only the q < 0 cases were considered. Again, the variety of responses—50 0 100 200
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Fig. 15. Three-dimensional load paths obtained varying the hardness exponent of the model material. n = 0.4, f0 = 1%. When
r = 200 MPa and q = 0.05, Type F response is obtained.
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Fig. 16. Three-dimensional load paths obtained by varying the size of the GTNZ. For this case, the GTNZ spans 0 6 x1 6 0.1t. Material
parameters were n = 0.2 and f0 = 1%.
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from in-plane loading computations, serves as a limit curve under three-dimensional loading.6. Condition for the Use of the XSFLC as a Formability Limit Curve under three-dimensional loading
The variety of responses observed when the model material was subjected to three-dimensional loads raises
the following question. Under what condition can the XSFLC be used to predict the onset of necking in the
model material during three-dimensional loading?
In the Type A response, the XSFLC obtained from in-plane loading computations, was observed to also be
a limit curve for three-dimensional load paths. Whereas, for all other response types either the XSFLC did not
predict the onset of necking, or there was no necking observed. In the discussion in Section 2 it was observed
that necking under three-dimensional loading of sheet metal, in hydroformig, will occur for load paths, in
XSFLC space, whose slope is higher than the plane strain path. It follows from this that the Type E response
of the model material can be safely neglected. That is, Type E response will not be encountered during hydro-
forming of straight tubes. Type D response can be discarded, since it was shown to be an artifact of the choice
of boundary conditions. For the remaining Types A, B, C and F, typical equivalent stress and mean stress
histories are shown in Fig. 17. The ﬁgure also shows the model material parameters and the three-dimensional
loading parameters for each of the histories. Recall that the onset of necking is indicated when the equivalent
stress history acquires a a slope of zero. An arrow is used to indicate the onset of necking in the ﬁgure.
In addition to the cases discussed in the preceding section, the ﬁgure also shows the equivalent and means
stress histories for the parameters [0.1,4], where the type F response was obtained. In this case,
r22 = 94 MPa at the onset of necking. This sample result shows that the Type F response can be obtained
for the low work hardening material by increasing the magnitude of r22.
From these graphs, the following observations can be made:
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Fig. 17. Plots of equivalent stress and mean stress histories for the Type A, B, C, D and F responses. The arrow indicates the onset of
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Type B, C and F: There is a signiﬁcant change in the slope of the mean stress history before the onset of
necking
From these two observations, a criterion for the use of the XSFLC, obtained from in-plane loading com-
putations, to predict necking under three-dimensional loading can be developed.
Criterion For the Applicability of the XSFLC: For load paths that subject the model material to three-
dimensional loading, the XSFLC is a limit curve so long as the slope of the mean stress does not change sig-
niﬁcantly before the onset of necking.
In the current work, the model material was developed without reference to any particular conventional
sheet alloy. Therefore, a natural question is whether the above criterion, obtained for the model material,
can be extended to metal sheet or tube. Recall that the model material was designed to mimic the apparent
higher formability of tubular material when formability is interpreted using the FLC. It is assumed that if
8682 C. Hari Manoj Simha et al. / International Journal of Solids and Structures 44 (2007) 8663–8684the tubular material displays this higher formability then the above criterion can be used. The next section
addresses the applicability of the XSFLC to predict the onset of necking in straight tube hydroforming.
6.1. Applicability of the XSLC to Straight Tube Hydroforming
In the discussion in Section 2, it was shown that during the hydroforming of the EN-AW 5018 aluminum
alloy the tube displayed an apparently higher formability when the formability assessment was carried out
using the FLC. This was in contrast to the prediction obtained using the XSFLC. Therefore, based on the
assumption made in the previous section, it follows that above criterion can be used to evaluate the applica-
bility of the XSFLC. A sheet metal forming process, such as hydroforming, presents a rather complex situa-
tion for the application of the criterion presented above. By way of illustration, consider again the
computational results, obtained using the static implicit solver in LS-DYNA, of the hydroforming of straight
tubes of EN-AW 5018 aluminum alloy. Attention is focused on the only location in the ﬁnite element model of
the tube where the load paths intersected the XSFLC. Fig. 18(a) shows the the elements, at the failure location,
at the outer and inside surfaces of the ﬁnite element mesh. The element in the outer layer is depicted with a
square and the element in the inner layer with a circle. The evolution of the equivalent and mean stress with
respect to the internal ﬂuid pressure in the ﬁve elements that span the thickness of the tube are also shown
(Fig. 18b). In these history plots, states that correspond to the state plots in Fig. 18(a) are identiﬁed using
numbers 1 through 4. Fig. 18(d) shows the load path in XSFLC space from the elements in the outer and inner
layers. The XSFLC for the aluminum alloy, derived from the in-plane FLC, and the states that correspond to
the state plots of Fig. 18(a) are also shown.275
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plotted with respect to the XSFLC.
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however, a curvature-induced gradient in the mean stress across the thickness of the tube. At state 2, the ele-
ment at the outer layer has come into contact with the die and as a result there is an addition of a negative
through-thickness component of stress. This contact serves to reduce the mean stress in the outer element
(open squares at states 2 and 3 in Fig. 18c). As a result, when state 3 is reached there is a signiﬁcant reduction
in the mean stress in the outer element. Also notice that between states 2 and 3 there is a reversal in the gra-
dient that existed at state 1. State 3 can be taken to be the onset of three-dimensional loading at this location in
the tube. From stat 3 and until the onset of necking there is a continual increase in the equivalent stress.
Between state 3 and 4 the load path in the element in the inner layer crosses the XSLFC and a neck is initiated
in the inner layer. Bardelcik (2006) and Sorine (2007) have carried out hydroforming tests wherein the test was
interrupted at various stages of loading and their results show that the neck initiates from the inside. The neck
then appears to propagate to the outer layer. The key observation here is that in both the outer and inner lay-
ers there is no decrease in the slope of the mean stress histories whilst the tube is under three-dimensional loading.
Note then that the criterion for the application of the XSFLC appears to be satisﬁed on a layer-by-layer basis.7. Summary
This article examined the validity of using stress-based forming limit curves to predict the onset of necking
of sheet metal under in-plane as well as three-dimensional load paths. Adopting a theoretical viewpoint, a
model material containing a GTN material inhomogeneity was proposed and used to compute a set of
strain-based FLDs for a corresponding set of model material parameters. These FLDs were then transformed
into rFLDs and the invariant based XSFLC by making suitable assumptions. In passing, the validity of using
stress-based FLDs for in-plane loading was demonstrated.
When the model material is subjected to three-dimensional loading, a variety of responses were observed,
and from these a criterion for the applicability of the XSFLC was extracted and it was shown that the criterion
was satisﬁed for the case of straight tube hydroforming with no end feed. It bears emphasis that this is a lim-
ited validation of the applicability of the XSFLC for tube forming processes. However, when the XSFLC is
applied to predict the onset of necking, results from a ﬁnite element computation can be used to verify whether
the applicability criterion proposed in this work is satisﬁed. In order to avoid the rather non-smooth load
paths that are characteristic of results obtained using explicit time integration, the implicit static solver was
used to model the straight tube hydroforming process in the preceding section. See, for example, Simha
et al. (2007), where results obtained using the the explicit and implicit time integration schemes are compared.
The implicit scheme obtained a ‘‘clean’’ set of load paths that allowed validation of the applicability of the
XSFLC. Unfortunately, in practice, the explicit solver is the workhorse of sheet metal forming computations
and because of the oscillations inherent in the results, a clear validation of the applicability of the XSFLC may
not be possible.
In the case of Type E response, it was observed that the XSFLC did not predict the onset of necking for the
model material under three-dimensional loading. Extrapolating this observation to a sheet metal forming pro-
cesses, it follows that if such a loading state (q > 0,r22 < 0) is encountered, the XSFLC cannot be used. In
Section 6, this response, wherein the in-plane stretches are positive while the through-thickness stress is com-
pressive, was ignored, since such a loading will not be attained during hydroforming. In the metal forming
operations (hydroforming) wherein the XSFLC has been used to predict necking such a loading condition
has not been encountered; furthermore, the predictions were found to be in good agreement with the exper-
iments. However, it is unclear, at this stage, as to whether such a loading condition can be attained in a metal
forming process; if it can, it is unclear whether the XSFLC can/cannot be used. Lacking experimental evi-
dence, no deﬁnitive statements can be made on this point.Acknowledgments
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